Abstract. Computations of uniaxial compression of a granular material in a two-dimensional box (with the top plate moving downward) are presented, including the effects of wall friction. The granular flow equations are solved as a system of conservation laws plus a set of constitutive relations, using a conservative finite difference method. A high quality numerical scheme for propagating the moving top plate is introduced.
the voids out of an initially noncohesive powder of grains of metal. Uniaxial compression is a common technological method in which grains are placed in a cylinder and compressed into solid metal by a moving piston. If the walls of the confining cylinder and of the piston are fricti0nless, then there is a simple explicit uniform compression solution of the equations in which all unknowns depend on only one spatial coordinate.
In this paper we investigate the two-dimensional uniaxial compression of a granular material in a 2D box (with the top plate moving downward with uniform velocity) by numerically solving a set of PDEs that describe plastic granular flow. We include friction on the vertical sides of the box and investigate two-dimensional flows as modulations of the basic uniform compression flow.
The granular flow equations are solved as a system of conservation laws plus a set of constitutive relations. The principal part of the granular flow equations (1)- (3) is sixth order, and can have both elliptic and hyperbolic modes in steady state [3] . In the time-dependent setting, the equations have both parabolic and hyperbolic modes.
Therefore we use the Lax-Wendroff method, which is a conservative discretization appropriate for hyperbolic/parabolic conservation laws. We introduce a high quality numerical scheme for propagating the moving top plate, based on the uniform compression solution.
The computations demonstrate that the effects of friction lead to a greater compression of the material near the top corners and to a lesser compression near the bottom corners of the 2D box compared to the overall uniform compression of the granular material. Two flow cells develop in the velocity field of the granular material.
Experimental results and a short summary of computational results concerning the role of convection and grain rearrangement in size separation in granular materials have been presented by Knight, Jaeger, and Nagel [1] . Although the problems treated in [1] 2. Granular flow equations. The plastic flow of a compressible granular material is described by conservation laws for mass and momentum, with a constitutive law relating stress and strain (see [3] ):
T(V), We use a rigid/plastic constitutive law ( (5) and (6) 4 . Numerical method. The granular flow equations are discretized using the two-step Lax-Wendroff method (see, e.g., [2] ). The state variables p and v are defined at grid points, while V/j and Tij are defined at the midpoints of grid cells. At the beginning of each timestep, V is first computed from v using second-order accurate central differences, and then T is computed from V through the constitutive relations (5) and (6) (see (8) and (9) for the yield function (7)). Because the computational grid is staggered (Tij defined at the midpoints of grid cells), the Lax-Wendroff stencil will only involve the nearest neighbor points (a 3-point stencil 3 in each spatial direction). The numerical method consists of two main parts: (1) an x sweep followed by a y sweep (for odd timesteps) or a y sweep followed by a x sweep (for even timesteps) across the computational grid4, and then (2) 3 A 5-point stencil for Lax-Wendroff would be unconditionally unstable. 4 In an x sweep, Oy is set to zero, and in a y sweep, cOx is set to zero. The solution is updated in two partial teps involving the x sweep followed by the y sweep. of the backward characteristic at time level n + 1 is located on a wall at a grid point (i, j). We have approximated the density proot at the "foot" of the backward characteristic by linearly interpolating pi} and the appropriate nearest neighbor on the wall (see Fig. 1 To simulate flows with large values of will require an implicit time integration method for the parabolic modes in the momentum equation (12), due to the factor e. Future work will implement an implicit timestep scheme using Newton's method to approximate the solution v at the new time level. We will calculate the Jacobian for the Newton method by finite differences instead of analytically, due to the intractability of the variation of OT/Oz with respect to v.
To validate our 2D code, first we simulated the uniform compression case (# 0, p(x, t 0) 0.75p,a, vv(x,t 0) -/y, v(x,t 0) 0). In Fig. 2 The CFL stability limit for the hyperbolic continuity equation (1) Next we added friction # 0.1 to the vertical walls with the same initial conditions as above and Compared to the overall uniform compression of the granular material, the effects of friction lead to a greater compression of the material near the top corners and to a lesser compression near the bottom corners of the 2D box (see Fig. 3) . A boundary layer has developed along the vertical walls due to the frictional force. This boundary layer may be understood from the fact that friction slows down the y velocity along the walls, forcing the granular material to accumulate in the top corners and to deplete in the bottom corners. Figure 4 friction coefficient, the flow becomes more stratified at earlier times (compare Fig. 10 and Fig. 13 ). 
